Abstract. We give a proof that every space of weighted square-integrable holomorphic functions admits an equivalent weight whose Bergman kernel has zeroes. Here the weights are equivalent in the sense that they determine the same space of holomorphic functions. Additionally, a family of radial weights in L 1 (C) whose associated Bergman kernels have infinitely many zeroes is exhibited.
Introduction
Since the paper of L. Qi-Keng [6] , there has been interest in constructing domains in C N whose Bergman kernel has zeroes. After the observation that weighted Bergman kernels correspond to unweighted Bergman kernels in higher dimension, it is natural to consider the same questions involving weighted Bergman kernels.
A positive measurable function µ defined on a domain D ⊂ C N is called a weight. We are interested in weights that determine a space on which a weighted Bergman kernel can be defined. We call a weight µ admissible if for each z ∈ D the evaluation functional E z : f → f (z) is continuous on L 
It is common to write
(ζ) and view it as a function on D × D. We call K D,µ the weighted Bergman kernel of D (with respect to the weight µ). We typically write K µ in place of K D,µ if the domain is clear from context. As in the unweighted case [5, 11] , the kernel K µ (z, ζ) possesses the following properties:
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A comprehensive reference on the theory of admissible weights is the paper, "On the Dependence of the Reproducing Kernel on the Weight of Integration" [8] .
Following the convention of A. Perälä [10] , we say that two admissible weights µ 1 and µ 2 are equivalent, or
as sets. For example, if g is a positive measurable function on D with the property that ess inf z∈D g(z) > 0 and ess sup z∈D g(z) < ∞, then g · µ ∼ µ for any weight µ on D.
The purpose of this note is to answer two questions [10] . The firsts asks if every space L 2 H (D, µ) can be equipped with an equivalent weight µ * so that the Bergman kernel K D,µ * has zeroes. The second asks if there exists a radial weight W on C such that the kernel K C,W ( · , z) has infinitely many zeros for a fixed z ∈ D. We answer both questions in the affirmative.
The plan of attack to answering the first question above is best illustrated by considering the case when D ⊂ C N is a bounded set containing zero and µ is continuous. In this situation, the weight ν(z) := µ(z)/ z 2N is not locally integrable at zero. Indeed, by continuity µ is uniformly bounded away from zero in a sufficiently small neighborhood of z = 0. It follows that every member of
is equivalent to µ(z): each ν n is simply the product of µ and a bounded function that is uniformly bounded away from zero (recall we are assuming D is bounded). Since ν n increases to ν as n → ∞, we may apply a weighted generalization of the Ramadanov theorem [7] to see that
Regarding ζ ∈ D as fixed, the function K ν ( · , ζ) vanishes at zero, so a variant of Hurwitz's theorem shows that for large n we have K νn (0, ζ) = 0, completing the proof. The general case requires a more delicate approach, as a general measurable function may have extremely pathlogical behavior near every point in its domain, but the main idea remains the same.
The approach to answering the second question involves carefully choosing the weight W so that for each fixed nonzero w in the plane the kernel K C,W ( · , w) is an entire function of finite but non-integer order, which by a consequence of the Hadamard factorization theorem has infinitely many zeros. As a special case of our construction, we exhibit a weight with kernel cos(i √ zw); this is a function satisfying the necessary criteria by elementary means.
I would like to thank my advisor, Dr. Harold Boas, for bringing these questions to my attention, as well as providing direction on how one might approach them. I would also like to thank the referee, whose insightful comments transformed the third section of this note from a single example to a large family.
The Bergman Kernels of Equivalent Weights
Let us first show that our definition of an admissible weight is consistent with another standard definition [8] . Before proceeding we require a lemma. It allows us in many cases to assume the given weight is bounded below by a more well behaved weight.
Lemma. Let µ 1 be an admissible weight on D, and suppose that µ 1 is integrable on a bounded open neighborhood U of some point z 0 ∈ D with U ⊂ D. Let µ 2 be a weight on U . Then the weightμ 1 defined bỹ
with continuous inclusion. It follows that E z μ1 ≤ E z µ1 for every z ∈ D, and henceμ 1 is an admissible weight. Now suppose that µ 2 is integrable over U as well. By applying the uniform boundedness principle to the family of continuous functionals given by evaluation at each point of U , we may find a C > 0 such that
Observe that max(µ 1 , µ 2 ) is integrable over U since both µ 1 and µ 2 are.
By setting µ 2 ≡ 1 above, we have the immediate corollary thatμ 1 is an equivalent weight to µ 1 with equivalent norm having the property that 1 ≤μ 1 on U .
We also require a weighted generalization of the Ramadanov theorem [7] , whose statement is included for the convenience of the reader.
Theorem 1 (Weighted generalization of the Ramadanov theorem). Let
be a sequence of domains in C N and set D := j D j . Let µ be an admissible weight on D, and µ k be an admissible weight on D k for each k. Extend µ k by µ on D. Assume moreover that a) For any n ∈ N there is N = N (n), such that
We now have all the necessary tools to prove the main result of this section.
Theorem 2. Let µ be an admissible weight on a domain D ⊂ C N . Then there exists an admissible weight µ * , with µ ∼ µ * , such that K D,µ * has zeroes.
Proof. We assume that L 2 H (D, µ) = {0}, otherwise the Bergman kernel vanishes identically. By translating if necessary, we may assume that 0 ∈ D. If µ is not integrable in any neighborhood of z = 0, then every f ∈ L 2 H (D, µ) must satisfy f (0) = 0; in particular this implies that K µ (0, ζ) = 0 for each ζ ∈ D. Therefore we may assume that µ is integrable on some neighborhood U of z = 0. By shrinking U if necessary, we may assume that U is bounded with U ⊂ D. The Lemma now allows us to assume that 1 ≤ µ on U .
Set g(z) = max 1, 1/ z 2N and consider
Since 1 ≤ g(z) everywhere, we have f
is continuous, implying that ν is an admissible weight (as in the proof of the Lemma). Since we assume that 1 ≤ µ(z) on U , ν is not integrable in any neighborhood of z = 0 and hence
The function min(n, g(z)) is bounded above and uniformly bounded away from zero on D, so ν n (z) = min (n, g(z)) · µ(z) is equivalent to µ for each n ∈ N.
Next, we apply Theorem 1. Since
H (D, µ) and α is a multindex with |α| = N ), we may find a w ∈ D so that K ν (z, w) is a nontrivial holomorphic function of z. We claim that K νm (z, w) has zeros for some m ∈ N. Seeking a contradiction, suppose that K νn (z, w) has no zeros for every n ∈ N. We have chosen w ∈ D so that K ν (z, w) is not identically zero, so fix z 0 ∈ D with K ν (z 0 , w) = 0. Applying Hurwitz's theorem of one complex variable to connected component of {λz 0 ∈ D : λ ∈ C} containing the origin, we see that K ν (λz 0 , w) has no zeros. However this implies that K ν (0, w) = 0, a contradiction to what was shown above: every f ∈ L 2 H (D, ν) vanishes at zero. This shows the claim, and setting µ * = ν m completes the proof.
Remark. Observe that something slightly stronger than the conclusion of the theorem has been shown: that we may-up to any positive error-actually prescribe the point at which the zero occurs. Furthermore, by carrying out this construction at finitely many points simultaneously, one can show that an equivalent weight exists whose Bergman kernel has zeroes at finitely many predetermined points up to any positive error.
Radial Weights with Kernel Having Infinitely Many Zeroes in The Plane
It is known [10] that the kernel B D,µ ( · , w) of an integrable radial weight µ on the unit disk D ⊂ C cannot have infinitely many zeroes for a fixed w ∈ D. In this section we show that the analogous result fails when D is replaced with the complex plane. In fact, we exhibit a family of radial weights W ⊂ L 1 (C) such that for every W ∈ W, the associated weighted Bergman kernel B C,W ( · , w) has infinitely many zeroes for each fixed nonzero w in the plane. This is achieved by following a similar construction to that of H. Bommier-Hato, M. Engliš, and E.-H. Youssfi [1] .
Given two real and positive parameters β, γ, we may define a holomorphic function E β,γ (z) by the power series
This is known as the Mittag-Leffler function associated to β and γ. E β,γ is an entire function with order 1/β and type 1. A comprehensive treatise on the theory of Mittag-Leffler functions is Mittag-Leffler functions, Related Topics and Applications [4] .
be the family of weights of the form
where n ∈ (−2, ∞), α, m > 0, and m ∈ Z. Every member W of W is admissible and induces a kernel K C,W ( · , w) having infinitely many zeroes for each nonzero w in the plane.
Proof. Fix W ∈ W. We first show that W is admissible. By a result of Z. PasternakWiniarski ([9] Corollary 3.1), it suffices to show that there exists a c > 0 such that W −c is locally integrable; setting c = 1/n if n > 0 and c = 1 otherwise will work. Since W is radial, the monomials are an orthonormal basis for L 2 H (D, W ), and the representation
C) and hence W is well defined. Comparing (2) with (3) yields
= 2mα
.
We may write this in terms of the Mittag-Leffler function (1) as which provides a concrete member of W that can be shown to satisfy the conclusion of Theorem 3 without having to invoke Hadamard's theorem.
Remark. The construction of this family of examples required solving a Stieltjes moment problem whose solution is absolutely continuous with respect to Lebesgue measure. There has been much work done on solving the Stieltjes moment problem [3, 12] , so it would be interesting to see if one could characterize the entire functions f for which there corresponds an admissible weight µ f on C with B C,µ f (z, w) = f (zw). For instance, it is clear that a necessary condition on such a function f is that its Maclaurin series coefficients be all real and positive.
